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ABSTRACT
We study the gravitational collapse of an isothermal disk which is isopedically magnetized (i.e., with a
mass-to-Ñux ratio that is spatially constant). The two theorems concerning magnetic forces in such a disk
proven in a companion paper (Shu & Li 1997), plus the self-similar nature of the overall problem, allow
a semianalytical treatment. The inÑow occurs in an inside-out manner similar to that which applies in
the collapse of the unmagnetized singular isothermal sphere (Shu 1977). These two cases (singular sphere
and disk) bracket the range of possible collapse behaviors expected for the family of isopedic singular
isothermal toroids described by Li & Shu (1996b). Although the strong magnetic Ðelds dilute the e†ects
of self-gravity in the isopedic isothermal disk, they do not prevent its outer parts (envelope) from falling
onto the central condensed object (protostar) at a Ðxed infall rate even when the Ðeld is perfectlyM0 ,
frozen to the matter. Indeed, the higher densities supported by the Ðelds in the equilibrium state increase
during collapse in comparison with the unmagnetized case. The larger e†ective speed of sound due toM0
magnetization produces a smaller e†ect. The Ñattened geometry enforced by the strong magnetic Ðelds
introduces a complication : the appearance of an outwardly propagating shock wave that runs ahead of
the region of infall (also studied by Tsai & Hsu 1995 in a di†erent context). We discuss the implications
of our results for the magnetic-Ñux problem and for the formation of centrifugally supported disks in the
presence of rotation.
Subject headings : MHD È stars : formation
1. INTRODUCTION
Adams, & Lizano divide the problem of theShu, (1987)
formation of an isolated low-mass star into four di†erent
conceptual stages : (a) quasi-static formation and evolution
to gravomagneto catastrophe of a lightly ionized, magne-
tized, molecular-cloud core by ambipolar di†usion ; (b)
dynamical collapse of the core to a protostar plus centrifu-
gally supported disk ; (c) breakout of a powerful bipolar
outÑow; and (d) clearing of the circumstellar envelope to
reveal a preÈmain-sequence star surrounded by a nebular
disk. The present paper elaborates on the second stage of
this process, taking into account the presence of strong
magnetization.
The starting point of our analysis is the pivotal singular
isothermal state that provides an attractor for the previous
stage of quasi-magnetostatic evolution of a dense cloud core
by ambipolar di†usion & Spitzer(Mestel 1956 ; Nakano
& Shu & Mouscho-1979 ; Shu 1983 ; Lizano 1989 ; Fiedler
vias & Mouschvias & Shu here-1993 ; Basu 1994 ; Li 1996b,
after At the moment of gravomagneto catastropheLS).
t \ 0, the numerical simulations suggest that the pivotal
states have the following properties : (a) a volume-density
distribution with a power-law index close to [2 ; and (b) a
nearly constant spatial distribution of the mass-to-Ñux
ratio, ", a condition that we term isopedic. By analytical
means, found the pivotal states generally to be toroids,LS
whose degree of Ñattening is controlled by a single dimen-
sionless parameter, the average fractional overdensityH0,supported by magnetic forces above the value for a non-
magnetized singular isothermal sphere. In the limit H0> 1,the toroids approach the familiar singular isothermal
1 Now at California Institute of Technology, MS 130-33, CA 91125.
In the opposite limit the toroids becomesphere.2 H0? 1,thin disks. The gravitational-collapse properties of singular
conÐgurations that are only weakly magnetized (and there-
fore, quasi-spherical, to start) are well known from the cal-
culations of and Galli & ShuShu (1977) (1993a, 1993b ;
hereafter GS). We wish to study here the collapse properties
of the second extreme, when the singular conÐgurations are
strongly magnetized (and therefore, highly Ñattened, from
the start).
The collapse of the unmagnetized prototype the(H0\ 0),singular isothermal sphere, occurs self-similarly from inside
out, with an initially static medium set into infalling motion
by an expansion wave whose head travels outward at the
isothermal speed of sound a Although various(Shu 1977).
theoretical criticisms have been directed against this
““ expansion-wave solution ÏÏ (see, e.g., Hunter 1977 ;
& Summers & Chevalier theWhitworth 1985 ; Foster 1993),
objections largely disappear when one regards the singular
isothermal sphere, not as the extreme unstable limit of a
sequence of pressure-truncated Bonnor-Ebert spheres
but as the unmagnetized limit of(Bonnor 1956 ; Ebert 1955),
a sequence of untruncated molecular-cloud cores that reach
gravomagneto catastrophe by the slow loss of magnetic
Ðeld through ambipolar di†usion.
et al. claim that real starless cores have2 Ward-Thompson (1994)
observed density proÐles that Ñatten to a constant at the origin rather than
continue as a r~2 cusp. This result is consistent with the numerical simula-
tions of core formation by ambipolar di†usion, which show that evolving
molecular-cloud cores spend most of their time as objects with Ñat central
proÐles and very little time at high central concentrations before they
produce a protostar. The probability of catching a starless core close to the
singular state is therefore very small.
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The approximation that the evolution is quasi-static
before t \ 0 and dynamic afterward is somewhat simplistic,
but the idealization has proved both useful and fruitful.
With this idealization in mind, several groups have gener-
alized the expansion wave solution by taking additional
e†ects into account, such as a small amount of initial rota-
tion Shu, & Cassen hereafter an out-(Terebey, 1984 ; TSC),
wardly propagating shock & Hsu or a weak,(Tsai 1995),
initially uniform, magnetic Ðeld (GS). The last study is par-
ticularly relevant to the present investigation, since it shows
that magnetic Ðelds can deÑect an initially spherically col-
lapsing medium toward the magnetic equatorial plane,
forming a ““ pseudo-disk ÏÏ that can be distinguished by its
dynamical disequilibrium from a true (centrifugally
supported) disk. Such infalling pseudo-disks were subse-
quently discovered in radio-interferometric surveys of
nearby star-forming regions Ohashi, & Miyama(Hayashi,
et al.1993 ; Ohashi 1996).
Important di†erences distinguish the present work from
that of GS. First, the straight uniform magnetic Ðelds in the
initial conÐguration of GS do not provide support against
the self-gravity of the (unstable) equilibrium state. In the
models of bent Ðelds with a strength that increasesLS,
inward permit the toroids to be denser by an average factor
of than the corresponding unmagnetized singular1 ] H0isothermal sphere. Second, the uniform Ðeld of GS yields a
dimensional scale length (where the magnetic pressure
equals the gas pressure) which breaks the self-similarity of
the collapse problem. No such length is provided by mag-
netic Ðelds that scale as r~1, and the subsequent collapse of
isopedically magnetized singular isothermal toroids should
occur in a completely self-similar manner.
Nevertheless, the general case will not be easy to study
accurately even in axial symmetry, because of the depen-
dence on polar angle h in addition to the similarity variable
x 4 r/at, where (r, h, r) constitute the usual spherical polar
coordinate system. As the Ðrst step toward obtaining solu-
tions, we focus on the limiting case when all theH0? 1,action is conÐned to the equatorial plane h \ n/2 (or z\ 0
in cylindrical coordinates [-, r, z]). The collapse then
occurs in one dimension -, and the self-similar, time-
dependent, equations of motion will involve only the single
independent variable x \ -/at, where t \ 0 deÐnes the
moment of the initiation of the collapse at the origin. A
further simpliÐcation arises because the magnetic forces in
an ideally conducting, isopedically magnetized, thin disk act
as scaled versions of self-gravity and gas pressure & Li(Shu
hereafter1997, SL).
Hanawa, & (1995, hereafterNakamura, Nakano NHN)
are the Ðrst to give a similarity treatment of the collapse of
magnetized disks. In particular, numerical simulations lead
to conclude that magnetic forces remain relativelyNHN
Ðxed as a fraction of self-gravitational forces. Because the
magnetic forces do not prevent collapse, approximateNHN
all magnetic forces as enhanced gas pressure in their ana-
lytical work. The theorems of demonstrate that a rigor-SL
ous basis for such a treatment holds only for the magnetic
pressure ; the magnetic tension should really be separated
out as diluting self-gravity. Under conditions of strong
magnetization and complete Ðeld freezing, this dilution
requires a large renormalization for the e†ective gravitating
mass compared to the true ““ bare ÏÏ mass of the magnetized
protostar. Apart from such rescalings, however, our dimen-
sionless similarity equations are identical to those of NHN.
Our solutions di†er in detail from theirs, however, because
neither do we adopt identically the same initial states, nor
do we restrict our treatment of the self-gravity to the mono-
pole approximation.
The rest of the paper is organized as follows. In we° 2,
formulate the self-similar equations governing the collapse
of isopedically magnetized, isothermal disks with rotation
curves that are initially Ñat. Our main interest, however, is
the case of small or no rotation. Thus, in we examine the° 3,
case of a nonrotating disk, manipulating the governing
(integro-di†erential) equations into useful forms for practi-
cal numerical solution. The actual numerical calculations
are carried out in two steps. In we take into account° 4,
only the monopole moment of the perturbational gravity,
eliminating the ““ integro ÏÏ part of the integro-di†erential
equations, and obtaining an approximate answer com-
pletely analogous to the expansion-wave solution of Shu
This approximate solution supplies a starting guess(1977).
for an iterative attack in the second step on the complete
problem of disk collapse in When all multipole gravita-° 5.
tional moments are included, outward motions are tempo-
rarily induced in the envelope by a partial release from the
original self-gravity of the infalling gas. Matter moving
outward into stationary gas yields compressions of Ðnite
amplitude that give rise to a new phenomenon: the appear-
ance of an expanding shock wave of Ðxed (but weak)
strength that precedes the region of infall. In we gener-° 6,
alize the results to include the presence of a small amount of
initial rotation. We summarize and discuss the main conclu-
sions of the paper in ° 7.
2. GOVERNING EQUATIONS FOR A ROTATING, ISOPEDIC,
ISOTHERMAL DISK
2.1. Disk Equations with Axisymmetry
We assume that the axial symmetry of the initial (pivotal)
state is preserved during the subsequent disk evolution. We
can then simplify the governing disk equations (3.1)È(3.3) of
SL:
L&
Lt
] 1
-
L
L-
(-&u) \ 0 , (2.1)
Lu
Lt
] u Lu
L-
[ j2
-3\ [
1
&
L(#%
g
)
L-
[ v LV
L-
, (2.2)
Lj
Lt
] u Lj
L-
\ 0 . (2.3)
In these equations, & is the surface density of the disk, u and
j are the --component velocity and z-component speciÐc
angular momentum of the disk Ñuid, respectively, while V
is the self-gravitational potential, to be evaluated from
equation (2.20) of at z\ 0. The quantity is the verti-SL %
gcally integrated gas pressure. It equals a2& for an isothermal
disk where a is a constant. The dilution factor v and
enhancement factor # for self-gravity and gas pressure by
the e†ects of magnetic tension and magnetic pressure are
given, respectively, by equations (2.18) and (2.33) of SL.
They read
v\ 1 [ 1
j2 , (2.4)
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and
# \ 1 ] j2 ] 2g2
j2] g2 , (2.5)
where (eq. [1.3] of is the ratio of theg 4 f
A
/(2nG&) SL)
horizontal gravitational Ðeld to the vertical gravitational
Ðeld just above the disk, and j \ constant º 1 is the dimen-
sionless mass-to-Ñux ratio of the isopedic disk.3
Although exact for the initial equilibrium state, the
expression for # may become inaccurate when the disk is
collapsing rapidly under the inÑuence of a central mass
point. Fortunately, in such places (just outside the origin),
the pressure gradient plays a minimal role independent of
its exact expression. Thus we do not take pains to estimate
# more carefully than done by SL.
Prior to the formation of a protostar at the origin, the
cloud core can evolve by a process of quasi-static
(submagnetosonic) contraction through ambipolar di†u-
sion. For t [ 0, the gravity of a central pointlike mass forces
the material just outside r \ 0 to go into (magnetically
diluted) free-fall collapse. In the presence of super-
magnetosonic Ñow, ambipolar di†usion and electrical resis-
tivity act too slowly to play an important role in the
dynamics. In other words, we can assume that the magnetic
Ñux ' threading the disk interior to the radius - at time t
satisÐes the equation of Ðeld freezing :
L'
Lt
] u L'
L-
\ 0 . (2.6)
The calculations of GS (see also & Black for theScott 1980)
cases of realistic values of the ion-neutral coupling constant
and for complete Ðeld-freezing lend support to this approx-
imation, for regions with number densities less than the
value 1011 cm~3 & Umebayashi For denser(Nakano 1980).
regions, the implicit assumption that j retains the same
constant value that it had initially would break down, and
we cannot then use the theorems proved by for an iso-SL
pedic disk.
In what follows, we Ðnd it convenient to introduce the
concept of the mass inside a cylinder of radius - :
M(-, t) 4
P
0
–&(-@, t)2n-@ d-@ . (2.7)
The equation of continuity in integrated form can now be
written as
LM
Lt
] u LM
L-
\ 0 , (2.8)
since partial di†erentiation of the above with respect to -
yields This relation will replaceequation (2.1) equation (2.1)
in our later treatment.
For the present, we note that equations and(2.3), (2.6),
all have the same forms, implying conservation of the(2.8)
quantities j, ', and M as we follow the motion of a Ñuid
element. Thus, moving with the Ñuid, the ratios j/M and
'/M 4 "4 j/2nG1@2 will maintain the same values as they
possessed initially. We will be particularly interested in the
case when the initial distributions are spatially uniform (an
isopedic isothermal disk with a Ñat rotation curve), in which
3 See LS for a justiÐcation of the isopedic assumption when molecular
cloud cores form by a process of ambipolar di†usion.
case, the ratios j/M and '/M are constants both in space
and in time (for t º 0).
Finally, we remark that the governing equations
can accommodate any axisymmetric distribution(2.1)È(2.3)
of surface density &. In particular, the presence of a point
mass (a delta function in &), representing an idealized proto-
star formed at the origin, does not invalidate the equations,
as long as the (dimensionless) ratio j of the point mass to its
trapped magnetic Ñux is the same as that of the rest of the
disk. We do not worry at this juncture about the practical
aspects of the famous problem that arises if magnetic Ñux of
interstellar magnitude were actually brought inside a
forming star. For the present, we assume the worst case of
complete Ðeld freezing (even beyond physical number den-
sities of 1011 cm~3) and demonstrate the nontrivial point
that the resultant trapped Ðelds do not yield a formal obs-
tacle to continued gravitational collapse to stellar dimen-
sions. The solutions obtained in this manner then provide
suggestive hints as to how the actual magnetic-Ñux problem
for star formation might be solved, which we shall comment
upon in ° 7.
2.2. Initial State
As an initial state for the collapse problem, we adopt the
isopedically magnetized, singular isothermal disk, with a
Ñat rotation curve (see ° 4.1 of SL) :
&(-, 0) \ (1 ] H0)a2
nG-
, M(-, 0) \ 2(1 ] H0)a2-
G
,
j (-, 0) \ ba- , (2.9)
where b and are dimensionless constants. Radial forceH0balance in the magnetized, rotating, equilibrium state then
yields the dimensionless mass-to-Ñux ratio as (see eq. [4.9]
of SL) :
j2\ 1
2(1 [ b2] 2H0)
M(3 ] b2) ] [(3 ] b2)2
] 8(1 ] H0)(1[ b2 ] 2H0)]1@2N . (2.10)
Since this state possesses only two dimensional parameters,
a and G, its subsequent gravitational collapse must occur
self-similarly.
2.3. Nondimensional Self-Similar Equations
For the problem at hand, deÐne the similarity variables,
x \ -/at , &(-, t)\ (1] H0)a
nGt
a(x) , u(-, t) \ av(x) .
(2.11)
In these variables, we may write
M(-, t) \ m(x)a3t/G , (2.12)
where, from we haveequation (2.7),
m(x) \ (1 ] H0)M(x) with M(x) 4 2
P
0
xa(m)m dm .
(2.13)
then becomesEquation (2.8)
(v[ x) dM
dx
]M\ 0 . (2.14)
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Substituting in the integral of M(x), we getdeÐnition (2.13)
M(x) \ 2x(x [ v)a , (2.15)
which is the governing equation that allows us to compute
the reduced mass M interior to x (including the possibility
of a point mass at the center, see below). From M(x), it° 3.1
is an easy matter to obtain the reduced density a(x) by
di†erentiation of equation (2.13).
With (see equal to a con-j/M \ Gb/2(1 ] H0)a eq. [2.9])stant in space and time, equations and allow us(2.12) (2.13)
to write
j \ ba2t
2
M(x) , (2.16)
where M is given by the second relation of equation (2.13).
With the Ðrst and the last of the three governing equations
satisÐed, we now turn to Straightforwardequation (2.2).
algebraic manipulations show that it has the dimensionless
self-similar form:
(v[ x) dv
dx
[b2M2
4x3 \ [
1
a
d(#a)
dx
] !f , (2.17)
where # is given by and [b2M2/4x3 rep-equation (2.5)
resents the centripetal acceleration. The dimensionless
gravitational force !f, diluted by magnetic tension, is given
through
!4
A
1 [ 1
j2
B
(1 ] H0) , (2.18)
f\ [ dV
dx
, V 4 [ 2
x
P
0
=
K(m/x)a(m)m dm , (2.19)
with
K(X)4
1
2n
Q dr
(1 ] X2 [ 2X cos r)1@2 . (2.20)
By writing cos r\ 2 cos2 (r/2) [ 1, it is easy to express
K(X) as
K(X) \ 2
n(1 ] X) K(q2) ,
K(q2) 4
P
0
n@2
(1[ q2 cos2 p)~1@2 dp ,
q24 4X
1 ] X2 , (2.21)
where K(q2) equals the complete elliptic integral of the Ðrst
kind and has accurate and numerically convenient approx-
imate expressions given in & Stegun p.Abramowitz (1964,
591). Note, however, that we deviate from the standard
practice in writing the argument as q2 and in using cos2 p in
place of sin2 s, where s \ n/2 [ p.
We begin with the case of a nonrotating disk (with b \ 0
and then has the approximationH0? 1). Equation (2.10)
j2\ 1 ] 1
H0
, (2.22)
which yields especially simple expressions for the normal-
ized gravity-dilution factor and the pressure-enhancement
factor for H0? 1) :
!\ 1 and # \ 2 . (2.23)
3. MORE CONVENIENT SET OF EQUATIONS
This section derives alternative forms of the governing
equations that facilitate their numerical solution in and°° 4
In we give a special treatment of the point mass at5. ° 3.1,
the origin ; in we subtract out the initial equilibrium° 3.2,
state ; and in we perform a multipole expansion of the° 3.3,
di†erence gravitational potential.
3.1 Special T reatment of Point Mass at the Origin
In the absence of rotation (b \ 0), the unperturbed equi-
librium (at t \ 0) distributions of surface density and veloc-
ity are a \ 1/x (so that M\ 2x) and v\ 0. They satisfy
equations and identically since # \ 2, !\ 1,(2.15) (2.17)
and f \ [2/x in this case. To see the validity of the last
expression, we write the reduced gravitational Ðeld for
a \ 1/x as
f \ 2 lim
s?=
1
2n
d
dx
Q
dr
P
0
s dm
(m2 ] x2[ 2xm cos r)1@2 ,
(3.1)
where the inner integral can be evaluated as
ln [(s2] x2[ 2xs cos r)1@2] s [ x cos r]
[ ln [x(1[ cos r)] .
If we perform an x derivative of the above expression and
then take the limit s ] O, we get [1/x. As a result,
f \ [
A2
x
B 1
2n
Q
dr\ [ 2
x
. (3.2)
For time t [ 0, there is a point mass at the origin that
grows linearly with time. This point mass corresponds to a
delta-function in -&(-, t) :
M(0, t) \
P
0
0`&(-@, t)2n-@ d-@\ m0 a3t/G , (3.3)
where
m0\ (1 ] H0)M0 and M04 2
P
0
0`a(x)x dx . (3.4)
Since is an order unity quantity, the mass infall rate isM0with Just outside the origin, them0 a3/G m0P 1 ] H0.gravity is that of a point mass, and the gov-f \[M0/x2,erning equations and have an asymptotic solu-(2.15) (2.17)
tion corresponding to magnetically diluted free-fall :
2a ]
AM0
2x
B1@2
and v] [
A2M0
x
B1@2
as x ] 0 .
(3.5)
Notice that the e†ective gravitational mass is not theM0,““ bare mass ÏÏ which is largely shieldedm0\ (1 ] H0)M0,(for by the dilution of gravitational forces by mag-H0? 1)netic tension.
3.2. Subtraction of Equilibrium State
We Ðnd it convenient to subtract the equilibrium state
from the collapse state. For this purpose, we deÐne the
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fractionally pertured surface density k(x) by
a(x)\ 1
x
[1 [ k(x)] for x [ 0 , (3.6)
outside of the origin. Because MHD disturbances propa-
gate in the disk at a speed of (the factor 21@2aeff \ (2)1@2acoming from # \ 2 ; see also and we expect k toLS SL),
di†er appreciably from zero only for To expressx [ 21@2.
the reduced mass M(x) in terms of k(x), we combine equa-
tions and to obtain(2.13), (3.4), (3.6)
M(x)\M0] 2
P
0`
x a(m)m dm \M0] 2x [ 2
P
0
xk(m)dm .
(3.7)
At large cylindrical radius -, M(-, t) must have its equi-
librium value which requires2(1 ] H0)a2-/G,
a(x) ]
1
x
and M(x)] 2x as x ] O . (3.8)
From this requiresequation (2.15),
v] 0 as x ] O ; (3.9)
whereas from equations and we get(3.7) (3.8),
2
P
0
=k(m)dm \M0 . (3.10)
has a simple physical interpretation : whatEquation (3.10)
drops out of the infall envelope must end up in the center.
Together with the thedeÐnition (3.6), identiÐcation (3.10)
substituted into allows us to rewriteequation (3.7) equation
as(2.15)
v(k [ 1)\ xk ] Q0(x) , (3.11)
where
Q0(x) 4
P
x
=k(m)dm (3.12)
is a mass accumulation function. Its central value isQ0(0)exactly half of the reduced point mass according toM0,equation (3.10).
We use to eliminate dv/dx fromequation (3.11) equation
After some algebra to subtract out the equilibrium(2.17).
state, we obtain (with !\ 1 and # \ 2)
[(v[ x)2[ 2] dk
dx
\ (1 [ k)g , (3.13)
where g(4 f ] 2/x) is the perturbational gravity, evaluated
from
g 4 [ dt
dx
[M0
x2 , (3.14)
with the dimensionless perturbational potential given by
t(x) 4
1
n
Q
dr
P
0
= k(m)dm
(m2] x2[ 2xf cos r)1@2 . (3.15)
To derive we have used the presence of aequation (3.14)
delta function in a at the origin and the identity K(0)\ 1.
The importance of making the comestransformation (3.6)
from (a) subtracting out the force balance of the equilibrium
state, which is simple conceptually but difficult to calculate
numerically, and (b) reducing the formal inÐnite range of the
resulting mass and potential integrals to the Ðnite part over
which k is e†ectively nonzero. Thus, equations and(3.11)
have the trivial solutions v\ 0 \ k at large x, when(3.13)
the term is negligible.M0/x2The governing equations and are two(3.11) (3.13)
coupled integro-di†erential equations, with integrals
involved in the auxiliary equations and(3.10), (3.12), (3.15)
that deÐne and g. In particular, at any Ðeld point in theQ0disk, the di†erence gravity g in equation depends on(3.14)
the mass distribution of the entire disk through equation
This global dependence provides the main source of(3.15).
complication in the collapse calculation. In the next section
we give a multipole analysis of this term.
3.3. Multipole Expansion of Gravitational Potential t(x)
Using equation (3.38) from we can writeJackson (1962),
the potential t in a multipole expansion :
t(x) \ ;
l/0
=
2C
l
Cq
l
(x)
xl`1 ] pl(x)xl
D
, (3.16)
where
q
l
(x) \
P
0
x
mlk(m)dm , p
l
(x)\
P
x
= k(m)
ml`1dm , (3.17)
with the coefficient given in terms of an integral over theC
lLegendre polynomial r) :P
l
(cos
C
l
\ 1
2n
Q
P
l
(cos r)dr . (3.18)
Since is odd about cos r\ 0 for l odd, for lP
l
(cos r) C
l
\ 0
odd ; and the expansion for / contains only even terms
(monopole, quadrupole, etc.). By making use of recursion
relations for Legendre polynomials, we can derive the
formula,
C2l`2 \
A2l] 1
2l] 2
B2
C2l with C0\ 1 . (3.19)
When we substitute intoequation (3.16) equation (3.14)
and separate out the monopole term, we obtain
g \ [ 2Q0(x)
x2 ] ;
l/1
=
2C2l
C
(2l ] 1) q2l(x)
x2l`2 [ 2lp2l(x)x2l~1
D
,
(3.20)
where is given by A possible schemeQ0(x) equation (3.12).would employ a truncated set of multipole moments, start-
ing with only the monopole, and gradually working oneÏs
way up to higher multipole orders. Another viable scheme
would use the monopole solution as an initial guess for
computing the complete solution iteratively, with the full
gravity obtained directly from equations and(3.14) (3.15).
We shall adopt the latter approach.
4. MONOPOLE APPROXIMATION : EXPANSION
WAVE SOLUTION
The di†erence gravity g in which controlsequation (3.20),
the dynamics through equation depends only on the(3.13),
mass accumulation function if we discard multipoleQ0(x),moments of higher order than the monopole. Because Q0deÐned in equation vanishes in the same limit, x ] O,(3.12)
in which k and v vanish, the governing equations are
reducible to a set of coupled Ðrst-order ordinary di†erential
equations (ODEs) that can be integrated in a single pass,
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FIG. 1.ÈExpansion wave solution for the collapse of an isopedic isothermal disk in the monopole approximation. (a) The upper and lower solid curves
give the dimensionless surface density a and its fractionally perturbed counterpart k. The equilibrium distribution for a and the expected free-fall solution
(diluted by magnetic tension) for k are plotted, respectively, as dashed and dotted lines. (b) The mass accumulation function which has a central valueQ0(x),(c) The solid curve gives the dimensionless Ñuid velocity v(x), while the dashed line represents the singular locus v\ x [ 21@2, where theQ0(0)\ 0.649.coefficient of the derivative dk/dx in vanishes. (d) The upper two curves give the perturbational gravity g, computed with only the monopole termeq. (4.1)
(solid line) or with all multipoles included (dashed line). The lower two curves give the sum of the perturbational and equilibrium gravities, f \ g [ 2/x, with g
computed as above.
analogous to the case for the singular isothermal sphere
In fact, the analogy would be(Shu 1977 ; Hunter 1977).
complete, were it not for the factor 2 (because of the mag-
netic increase of the e†ective speed of sound) on the right-
hand side of which appears as 1 in the caseequation (3.13),
of the singular isothermal sphere. This circumstance sug-
gests that the self-similar collapse of an isopedic singular
isothermal disk is also governed by an expansion-wave
solution when we ignore all gravitational multipole
moments higher than the monopole.
If we truncate the multipole expansion after the Ðrst term,
the governing equations become
[(v[ x)2[ 2] dk
dx
\ [(1 [ k) 2Q0(x)
x2 , (4.1)
dQ0
dx
\ [k , (4.2)
v(k [ 1)\ xk ] Q0(x) , (4.3)
with the associated one-point boundary conditions (BCs),
k ] 0, Q0] 0, v] 0 as x ] O . (4.4)
The initial equilibrium state with satisÐesk \ Q0 \ v\ 0the above equations and boundary conditions identically.
This equilibrium state persists outside the expansion wave
head, which is located at x 4 -/at \ 21@2 because MHD
disturbances propagating from the origin (where the col-
lapse is initiated) for time t at a magnetosonic speed J2 a
into a static medium reach a distance -\(LS)
Gravitational perturbations arising from the collapseJ2 at.
are missing ahead of the wave because we have retained
only the monopole moment of the gravitational Ðeld, and
this monopole moment is preserved by mass conservation.
At the expansion wave head, where x \ 21@2 and v\ 0,
the coefficient of dk/dx in vanishes, and weequation (4.1)
need to perform a Taylor series expansion to follow how
dynamical collapse is initiated inside x \ 21@2 :
k \ k1y ] k2y2] É É É , v\ y [ v2y2] É É É ,
Q0\ [ 12 k1y2[ 13 k2 y3] É É É , (4.5)
where we have deÐned an auxiliary variable
y 4 x [ J2 . (4.6)
The term contains no term linearly proportional to yQ0because the Ñow occurs too smoothly at the head of the
expansion wave (in the present circumstances) to accumu-
late a density discontinuity (although the density changes
slope across y \ 0). Substituting the into theseries (4.5)
governing equations we obtain after some(4.1)È(4.3),
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algebra,
k1\ [
1
J2
, v2\
1
4J2
, k2\ [
1
8
É É É . (4.7)
The series allows us to start o† the singularsolution (4.5)
line near x \ 21@2 and integrate equations and(4.1) (4.2)
step-by-step to obtain k and for the region : 0\ x \ 21@2.Q0The Ñuid velocity v that appears in can beequation (4.1)
written in terms of k and using InQ0 equation (4.3). Figurewe plot the various quantities associated with the solu-1,
tion in the monopole approximation against the dimension-
less similarity variable x \ -/at.
The lower solid line in gives the fractionallyFigure 1a
perturbed surface density k(x) relative to the equilibrium
value. The kink that occurs at the expansion wave head
x \ 21@2 is characteristic of an expansion-wave solution.
Notice that k increases almost linearly inward from zero at
the wave head until close to the origin. At small enough x, k
approaches its asymptotic free-fall distribution around a
(reduced) point mass of The asymp-2Q0(0)\ 1.30 (Fig. 1b).totic distribution fromk(x) \ 1 [ [Q0(0)x]1@2/2 equationis plotted as a dotted curve in for compari-(3.5) Figure 1a
son. The upper solid curve shows the complete dimension-
less surface density a(x) \ [1[ k(x)]/x. In the infall region,
mass accretion onto the central object diminishes the
surface density a below its equilibrium value (dashed curve).
But only inside x B 0.1 does a closely approach its asymp-
totic free-fall value given by equation (3.5).
shows the mass accumulation functionFigure 1b Q0(x),which has a central value Since is halfQ0(0)\ 0.649. Q0(0)of the reduced point mass we recoverM0, M0 \ 1.30,which is somewhat higher than 0.975, the corresponding
value for the collapse of a nonmagnetized singular isother-
mal sphere Remember, however, that the actual(Shu 1977).
or ““ bare ÏÏ mass at the center, given by m0\ (1 ] H0)M0\is much higher when1.30(1] H0), H0? 1.shows the velocity v of infall, computed fromFigure 1c
once k and are known. Notice the simi-equation (4.3) Q0larity to Figure 2 of who plots [v against x. TheShu (1977),
main di†erence is the singular locus (dashed-dotted line)
given by v\ x [ 21@2 in our case, whereas this locus equals
v\ x [ 1 in his case.
displays the various (diluted) gravitationalFigure 1d
forces. The upper solid curve gives the monopole term
of the perturbational gravity, the only term[2Q0(x)/x2,actually retained in the present computation. It always pulls
inward, and its magnitude increases monotonically from
zero at x \ 21@2 toward smaller x. The upper dashed curve
shows the full perturbational gravity g (which includes all
multipole terms), computed from for theequation (3.14)
mass distribution of It is not monotonic, peakingFigure 1a.
around x \ 1. The higher order terms in a multipole expan-
sion shifts the curve for g systematically to the upper left
compared to the monopole term. Indeed, g becomes posi-
tive, i.e., outwardly directed, beyond a radius of x \ 0.68.
This result has a simple intuitive explanation in terms of less
interior material being nearby once the collapse gets under-
way. The total inward pull by (magnetically diluted) gravity
f is plotted in as the lower solid line in the monopoleFig. 1d
approximation and as the lower dashed curve including all
multipole moments. A weakening of f occurs for exterior
material when matter in the disk close to but interior to it
falls into the center. (This result distinguishes a Ñattened
distribution from a spherical one.) The perturbational g is
the di†erence between this total inward pull and the equi-
librium value. It is this di†erence that determines the sub-
sequent nonlinear perturbational response. As we shall see
in the outward motion of gas in response to the positive° 5,
value of full g makes the system there prone to shock forma-
tion when this gas runs into more or less static matter in the
outer disk envelope.
5. FULL-DISK GRAVITY : SHOCK SOLUTION
5.1. Governing Equations
As discussed earlier, when the full di†erence g is evalu-
ated from a potential integration over the perturbational
mass distribution of the entire disk, we must approach the
solution by an iterative technique. Our Ðrst task is to
manipulate the governing equations into a form more suit-
able for iteration :
[(v[ x)2[ 2] dv
dx
\ (v[ x)g , (5.1)
dQ0
dx
\ [ v] Q0(x)
v[ x , (5.2)
k \ v] Q0(x)
v[ x . (5.3)
This set is supplemented by equations and for(3.14) (3.15)
the perturbational gravity g, and is subject to the asBC (4.4)
x ] O.
5.2. Nonexistence of Smooth Collapse Solution
For an initial guess of k(x), say we compute thek0(x),perturbational gravity g from equations and(3.14) (3.15).
With g known as a function of x, we integrate equation (5.1)
to obtain the Ñuid velocity v. The velocity distribution v(x)
is then used in to Ðnd the mass accumulation function(5.2)
which can in turn be substituted into toQ0(x), equation (5.3)get a new mass distribution, The new distribution willk
n
(x).
generally di†er from the old iterate. We then repeat the
whole process, using a relaxation parameter 0 \ w\ 1 to
deÐne the next iterate for the mass distribution, (1 [ w)k0(x)We continue this way until we achieve con-] wk
n
(x).
vergence.
Many attempts by us to Ðnd a smooth solution this way
failed to converge. During the iteration process, the trial
solution for velocity always crashes on the singular line
v\ x [ 21@2 (shown in before convergence isFig. 1c)
reached. It does not help as in the monopole case to start on
the singular line and integrate inward and outward on
““ plus ÏÏ and ““minus ÏÏ solutions (see with a kink on the° 5.3),
singular line. These aborted attempts Ðnally led us to
the multipole-expansion approach and to the recognition
of the physical problem described in Although we have° 4.
not proved that a smooth solution is impossible, we are
convinced numerically and physically that the correct solu-
tion requires the insertion of a shock wave that runs ahead
of the main region of infall. This feature distinguishes the
full-gravity solution of from the monopole-gravity° 5.3
solutions of and° 4 NHN.
5.3. Collapse Solution with Self-consistently
Embedded Shock
Since the pressure enhancement factor # \ 2 is constant
on both sides of the shock, the discussion of ° 3.2 of SL
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shows the (magnetized) shock jump to be e†ectively
““ isothermal.ÏÏ The self-similarity of the problem requires
that the shock wave occupy a Ðxed position in x-space, say,
Relative to such a front (which is moving radiallyx \x
s
.
outward at speed in physical space), we wish to showx
s
a
that the singular line v\ x [ 21@2 (dot-dashed line) in Figure
divides Ñow that is supermagnetosonic (lower right) from1c
Ñow that is submagnetosonic (upper left). We refer to these
labels as supersonic or subsonic for short. In the laboratory
frame, the shock travels outward at a constant dimension-
less speed of The Ñow speed relative to the shock is thenx
s
.
Since the preshock relative speed must be greaterv[ x
s
.
than the e†ective sound speed (\21@2), we demand that
where we denote a preshock (upstream)(v
u
[ x
s
)2[ 2,
quantity by a subscript ““ u ÏÏ and a postshock (downstream)
quantity by ““ d.ÏÏ Therefore, we have either orv
u
[ x
s
] 21@2
We discard the former because the impliedv
u
\ x
s
[ 21@2.
supersonic outÑow is incompatible with a collapse solution.
The latter puts the preshock Ñow speed to the lower right of
the singular line in the v[ x diagram, as claimed earlier.
When a shock arises, it causes the Ñow velocity to jump
vertically across the singular line from the lower right
(supersonic region) to the upper left (subsonic region). The
““ isothermal ÏÏ jump condition discussed in ° 3.2 of thenSL
has the dimensionless expression :
(v
u
[ x
s
)(v
d
[ x
s
)\ 2. (5.4)
The subsonic disk Ñow downstream from the shock sub-
sequently accelerates inward toward the protostar at the
center. At some small radius before the gas reaches free-fall
and acquires very large inward velocities P [ x~1@2, it
must make a smooth subsonic-to-supersonic transition
back to the lower right region. According to equation (5.1),
a smooth transonic passage with v\ x [ 21@2 can occur
only where the full perturbational gravity g \ 0. This con-
straint is the (nonsteady) analogue of the ““ nozzle
condition ÏÏ in de Laval Ñow, or the Bondi or Parker condi-
tion in spherical accretion or wind Ñow (see pp. 74È81 of
With the monopole case as a guide, we estimateShu 1992).
that g will equal zero for x somewhere inside 21@2 (see the
upper dashed line of Fig. 1d).
To obtain a collapse solution with a self-consistently
embedded shock, we modify slightly our previous iteration
method. The di†erence enters when we solve equation (5.1)
for v. We now need to determine v(x) in several steps instead
of one. First, starting from a large external radius x
e
? 21@2
(a sufficiently practical choice is where the bound-x
e
\ 10),
ary condition v\ 0 is imposed, we shoot inward to obtain
the outer supersonic solution, If uninterrupted, thev
u
(x).
solution crashes into the singular line in general. Butv
u
(x)
before such a crash takes place, the desired solution will
jump across the singular line into the subsonic region via a
shock. Meanwhile, we have obtained a subsonic solution,
to the upper left of the singular line by an outwardv
d
(x),
shooting from the sonic (magnetosonic) point, located
where g \ 0 in the current iterate and denoted by a sub-
script asterisk. The initial guess for the sonic radius equals
if we use the distribution of k(x) in the monopolex
*
\ 0.68
approximation.
As in the monopole case, a Taylor expansion is needed in
order to initiate integration from the sonic point Wex
*
.
therefore write
v\ v
*
] v1(x [ x*) ] É É É
and
g \ g
*
] g1(x [ x*)] É É É , (5.5)
where
v
*
\ x
*
[ 21@2 and g
*
\ 0 . (5.6)
The quantity in is known, because g(x) isg1 equation (5.5)given from a previous iteration. To determine in terms ofv1we substitute the series expansion into tog1, equations (5.1)obtain
v1\ 12 [1^ (1 ] 2g1)1@2] . (5.7)
Since the perturbational gravity g is negatively inÐnite near
the origin, it should have a positive slope (i.e., wheng1 [ 0)it Ðrst climbs to g \ 0, as in If we call the twoFigure 1d.
choices of sign in the ““ plus ÏÏ and ““minus ÏÏequation (5.7)
solutions, then for the plus solution and forv1[ 1 v1\ 0the minus solution. In what follows, we consider only the
plus solution, because only the plus solution achieves a
sonic transition in the correct Ñow sense. For small theg1,plus solution starts almost parallel to the singular line,
v\ x [ 21@2, so we need more terms in the expansion to get
numerical accuracy, just as in the case of the monopole
approximation. Indeed, for has theg1> 1, equation (5.7)approximate plus solution,
v1B 1 ]
g1
2
, (5.8)
which can be compared with equation (4.7).
With determined, thev1\ [1 ] (1] 2g1)1@2]/2 seriesexpansion allows us to shoot outward from to(5.5) x
*determine the subsonic solution, to the upper left ofv
d
(x),
the singular line, as assumed earlier. At overlapping values
of x, we compare the quantity v[ x in the subsonic and
supersonic regions and determine the shock radius, x
s
,
where the shock jump is satisÐed. We nowcondition (5.4)
have an allowable connection across the shock. To obtain a
complete solution, we shoot the plus solution from x
*toward the origin. This Ðnishes determining v(x) for the
current iterate. We now compute and k(x) as before,Q0(x)and iterate until convergence is achieved for these quantities
within some prescribed tolerance. The properties of the con-
verged solution are shown in Figure 2.
The converged shock is located at where dis-x
s
\ 1.52,
continuities in the perturbed surface density and(Fig. 2a)
the Ñow velocity occur. A salient feature of the(Fig. 2c)
solution is the nearly undisturbed condition of the preshock
equilibrium state, which justiÐes our choosing an external
boundary that is relatively small. The disk managesx
e
\ 10
apparently to redistribute itself in such a way as to limit the
gravitational inÑuence of the perturbed region almost
entirely to the postshock region. The behavior resembles
the monopole case where the region ahead of the expansion
wave remains strictly undisturbed. When all multipole
moments are included, the addition of a shock achieves a
similar containment of the gravitational inÑuence.
In the laboratory frame, the shock travels outward into a
nearly static medium at a constant speed of 1.52a. This
speed exceeds the e†ective sound speed 1.41a, as required.
The Mach number 1.08 yields a fairly weak shock. The
surface density jump across the shock is about 15%, accord-
ing to The passage of the shock wave sets theFigure 2a.
immediate postshock medium into a low-speed outÑow, as
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FIG. 2.ÈShock solution for the collapse of an isopedic isothermal disk including a full calculation of the perturbational gravity g. (a) The dimensionless
surface density a and its fractionally perturbed counterpart k. A shock occurs at Notice that the immediate postshock a exceeds its equilibriumx
s
\ 1.52.
value denoted by the dashed line. (b) The mass accumulation function which has a central value (c) The solid curve gives the dimensionlessQ0, Q0(0)\ 0.524.Ñuid velocity v(x), while the dashed line represents the singular locus v\ x [ 21@2, where the coefficient of the derivative dv/dx in vanishes. (d) The fulleq. (5.1)
perturbational gravity g. The positive part of g drives temporary outward motions leading to a shock wave at that precedes the region of infall. Thex
s
\ 1.52
jump in surface density at the shock gives rise to a logarithmic (i.e., integrable) singularity that is not well-resolved by the Ðnite-di†erence scheme used to
calculate g.
seen from the positive values for values of v beyond the
stagnation radius, in Outwardxstag\ 1.15, Figure 2c.speeds reach a maximum value of D0.2a behind the shock.
Well interior to the shock front the outÑow is reversed.
Below the stagnation point the previous out-xstag\ 1.15,wardly directed matter turns around and collapses under
the gravitational inÑuence of the point mass at the origin.
The physical situation resembles that studied by &Tsai
Hsu except here we have an unrelenting mechanism(1995),
(nonmonopole gravity of a collapsing inner disk) that is able
to sustain the shock wave at a small but undiminishing
amplitude with time.
According to the mass accumulation functionFigure 2b,
has a value of at the origin, which implies aQ0(0)\ 0.524reduced point mass of The shockM0\ 2Q0(0)\ 1.05.wave, which causes a temporary expansion of the matter
(rather than just of the wave) lowers the accumulated mass
at the center relative to the monopole case, just as in &Tsai
calculations, but it is still larger than the value for theHsuÏs
singular isothermal sphere, even without considering the
large multiplicative factor 1 ] H0.shows the di†erence gravity g. The cusp at theFigure 2d
shock arises from the logarithmic singularity noted in foot-
note 2 of although the Ðnite gridding of the presentSL,
numerical computation smears out this weak singularity.
The perturbational gravity g Ðrst becomes positive beyond
the location of the sonic transition, The out-x
*
\ 0.521.
wardly directed perturbational gravity quickly climbs to a
maximum, and then declines more gradually almost to zero
at the shock. The latter phenomenon represents a curious
self-shielding that may be related to similar e†ects seen in
previous calculations of spiral shocks in self-gravitating thin
disks Balbus, & Cowie(Lubow, 1986).
5.4. Magnetic Field ConÐguration of Shock Solution
Because of the two theorems in concerning magneticSL
forces in the plane of the disk, we did not need to perform
separate iterations to Ðnd the correct gravitational and
magnetic forces. Nevertheless, it is helpful for the discussion
of the resolution of the magnetic Ñux problem to visualize
how Ðeld lines behave o† the disk plane. There are two
methods to perform this task.
In the Ðrst method, we compute the gravitational poten-
tial
V(-, z, t) \ [G
Q
dr
]
P
0
= &(-@, t)-@ d-@
(-2] z2] -@2[ 2--@ cos r)1@2 , (5.9)
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FIG. 3.ÈThe conÐgurations of magnetic and gravitational Ðelds in the meridional plane of similarity variables (x, f) for the shock solution of Fig. 2.
Equally spaced contours of magnetic Ñux / are plotted as solid curves ; equally spaced contours of gravitational potential t are plotted as dotted curves. In
accordance with the Ðrst theorem proven in SL, equipotentials (dotted curves) are orthogonal to magnetic Ðeld lines (solid curves). Notice especially the fan of
magnetic Ðeld lines emergent as a split monopole from the origin because of the Ñux dragged into the central star by our assumption of complete Ðeld
freezing.
staying alert to the possibility that we may need to replace
the upper limit O in the radial integral by some limit
process to deal with the logarithmic divergence that arises
when &(-@, t) P -@~1 at large -@. The magnetic Ðeld B may
then be computed from equation (2.14) of SL:
B \ 1
2nG"
+V . (5.10)
Apart from an (inÐnite) additive constant, we introduce as
before the dimensionless (magnetically diluted) gravita-
tional potential V via
V(-, z, t) \ (1] H0)a2V (x, f) , (5.11)
where x 4 -/at and f4 z/at are the similarity coordinates
in the meridional plane. may now beEquation (5.9)
expressed as
V (x, f) \ [ M0
(x2] f2)1@2
] 2 ln [(x2 ] f2)1@2 ] o f o]] t(x, f) , (5.12)
where
t(x, f)\ 4
n
P
0
=
[(x ] m)2] f2]~1@2K(k2)k(m)dm , (5.13)
and K(k2) is the complete elliptic integral of the Ðrst kind
with argument
k2\ 4xm
(x ] m)2] f2 . (5.14)
In the second method, we calculate the magnetic Ðeld
directly from Ampe reÏs law, knowing the distribution of
surface current J in the disk. For the present case with
poloidal Ðelds only, equations (2.2) and (2.14) of implySL
the latter contains only a r-component
Jr\
c
4n2G"
LV
L-
(-, 0, t) . (5.15)
The corresponding magnetic Ñux function, '(-, z, t), from
which we may obtain the poloidal Ðeld B(-, z, t), satisÐes
B \ 1
2n
+]
A'
-
er
B
, (5.16)
where is the azimuthal unit vector. We non-erdimensionalize by deÐning
'(-, z, t) 4 (1 ] H0)
a3t
G1@2 /(x, f) . (5.17)
At any given time, / labels Ðeld lines to which surfaces of
constant V are perpendicular. Thus, curves of constant /
No. 1, 1997 ISOPEDIC ISOTHERMAL DISK 247
are perpendicular to curves of constant V in the meridional
plane, i.e., they form an orthogonal grid in the (x, f)-plane.
With a little algebra, equation (5.37) of Jackson (1962)
allows us to express / as an integral over the current
P LV /Lx in the disk plane :
/(x, m) \ [ 1
j
P
0
=
[(m ] x)2] f2]1@2
] [(2[ k2)K(k2)[ 2E(k2)]
ALV
Lm
B
f/0
dm , (5.18)
where E(k2) is the complete elliptic integral of the second
kind :
E(k2) \
P
0
n@2
(1 [ k2 cos2 p)1@2 dp . (5.19)
We can now straightforwardly compute the reduced
gravitational potential V and magnetic Ñux function / at
any point in space. We calculate these quantities over a set
of rectangular grid points in x and f, from which we con-
struct lines of constant V and /. These are shown in Figure
as dashed and solid curves, respectively. The fact that3
these curves do form a mutually orthogonal grid provides a
check on the accuracy of the numerical computation.
Notice particularly the bundle of Ðeld lines that emerges
from the origin, representing the split monopole of mag-
netic Ñux pinned by the central point The dilution ofmass.4
the gravitational force of the central mass point arises from
the resulting tension when Ðeld lines of the outward fan of
the split monopole push against the disk Ðeld lines. Outside
the shock (which occurs at the Ðeld lines recoverx
s
\ 1.52),
virtually completely their equilibrium conÐguration (see
Fig. 3 of LS).
5.5. An Intermediate Case
The physical arguments of and leave little doubt°° 4 5.3
that the collapse solution needs to incorporate a shock
wave when one includes the precursor gravitational e†ects
of the multipole moments of the perturbational potential.
We have applied the same procedure in to an interme-° 5.3
diate case where we arbitrarily reduce by half the strength of
all multipole moments of g other than the monopole. Not
surprisingly, as in the full gravity case, a converged shock
solution exists, with overall characteristics similar to those
of the full gravity solution, but with a shock strength
reduced roughly by half. Reducing the higher order multi-
poles to inÐnitesimal strength would presumably reduce a
Ðnite jump (a shock) to a weak discontinuity (continuous
function, discontinuous derivatives).
This exercise explains why and GS did not Ðnd itTSC
necessary to incorporate shock waves preceding the region
of infall of their collapse calculations. Although these
authors included the e†ects of the quadrupole gravitational
moment arising from weak initial rotation or weak initial
magnetic Ðelds, they considered the resulting (outward and
inward) Ñuid motions produced ahead of the expansion
wave only in the linearized perturbational approximation.
The compressional parts of such motions do not steepen
4 Because + É B \ 0, each Ðeld line that enters the origin from the
bottom must leave the origin from the top without having reversed the sign
of This nonreversal of contrasted with the reversal of distinguishesB
z
. B
z
g
zmagnetic Ñux trapped at a point (split monopole) from mass trapped at a
point (ordinary monopole).
into shocks unless we include nonlinear e†ects (see pp. 203È
209 of and so and GS found it adequateShu 1992), TSC
merely to make continuous small-amplitude (acoustic or
fast MHD) modiÐcations of the monopole solution. The
calculations of this paper, which show that the shock wave
is quite weak even in the disklike extreme of nonmonopole
gravity, suggest that no great errors will result by ignoring
the presence of the gravitational precursor shock in the
general case.
6. EFFECTS OF SLIGHT ROTATION
It is easy to include the e†ects of a slight amount of initial
rotation by a perturbational calculation. When b2> 1 in
we may perform a naive perturbational expansion for° 2.3,
any reduced Ñuid quantity Q(x) of the form,
Q(x) \ Q(0)(x)] b2Q(2)(x) ] É É É , (6.1)
where the zeroth-order term Q(0)(x) has the value given by
the nonrotating solution considered in The naive° 5.
will break down, however, at small x whereexpansion (6.1)
the centripetal acceleration [b2M2/4x3, despite the small
coefficient b2, grows more rapidly than any other term in
if M tends toward a constant as x ] 0. Toequation (2.17)
zeroth order, this constant is and the centripetalM0\ 1.05,acceleration will come into balance with the zeroth order
(magnetically diluted) gravitational Ðeld !f (0)\ [M0/x2at a centrifugal radius wherex \ x
C
,
x
C
\ b2
3
M0 . (6.2)
A typical number for b might be 0.2, in which case
In any case, the dimensional centrifugal radiusx
C
D 0.01.
grows linearly with time t since the beginning ofr
C
\ x
C
at
the collapse, independent of the value of H0.Note that the ““ centrifugal balance ÏÏ referred to in this
section is relative to the magnetically diluted gravitational
Ðeld, not the bare gravitational Ðeld. In other words, the
centrifugal balance itself is ““ magnetically diluted ÏÏ and not
““ bare.ÏÏ Spectroscopic observations of the kinematics of the
centrifugal disks in young stellar objects could potentially
reveal whether the rotational velocities in the disk are
diluted by a factor with respect to the level(1] H0)~1@2expected for balance against a ““ bare ÏÏ stellar (plus disk)
mass, and therefore provide an estimate of the importance
of magnetic support for such disks.H0
7. SUMMARY AND DISCUSSION
7.1. Mass Infall Rate
We have studied the dynamical collapse of an iso-
pedically magnetized, singular isothermal disk (see also
The lack of an intrinsic length scale in the equi-NHN).
librium state implies that the subsequent collapse is self-
similar. This simplifying feature, together with the two
theorems concerning magnetic forces in an isopedic disk
proved in a companion paper renders possible theSL,
present semianalytical treatment of the collapse.
The disk represents one extreme of the linear sequence of
magnetized, pivotal, singular isothermal conÐgurations
studied by Its collapse preserves the characteristicLS.
““ inside out ÏÏ nature Ðrst noted for a nonmagnetized, singu-
lar isothermal sphere by In particular, collapseShu (1977).
of the singular isothermal sphere yields a central infall that
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builds up the star at a rate
M0 \ 0.975 a3
G
, (7.1)
where a is the isothermal speed of sound of the original
molecular cloud core. Collapse of the singular isothermal
disk gives an analogous infall rate,
M0 \ 1.05(1] H0)
a3
G
, (7.2)
where represents the overdensity factor supportedH0? 1initially by magnetic Ðelds.
The similarities and di†erences in expressions and(7.1)
have fairly simple bases. Of the three powers of a in(7.2)
we may understand two of them as arisingequation (7.1),
from the coefficient in the equilibrium density distribution,
o \ a2/2nGr2, and one of them as arising from the charac-
teristic speed of infall once self-gravity overwhelms thermal
pressure. showed that magnetization of the equilibriumLS
state enhances the coefficient of the density of the singular
isothermal toroid when averaged over solid angles at given
r, This enhancement explains theo6 \ (1 ] H0)a2/2nGr2.factor in front of two powers of a in(1 ] H0) equation (7.2)once the denser equilibrium state undergoes gravitational
collapse. The other power of a in retains its(1 ] H0)a3/Gnonmagnetic value, because, according to the theorems of
the magnetic-tension part of the support cannot beSL,
overwhelmed by Only the pressure parts (gasself-gravity.5
and magnetic) can be overcome completely, and when they
are (but the tension continues to dilute self-gravity), the
resultant infall motions amount characteristically to Da,
not The signal speed that initiates the infallD(1 ] H0)1@2a.in the presence of magnetization does increase (especially in
directions not exactly parallel to the magnetic equatorial
plane), but this contributor to enhancing is largely o†setM0
by the slower speed of infall once collapse has started (see
also GS). Thus, once we have corrected for the factor 1
arising from the denser initial conÐguration, the] H0remaining coefficients, 0.975 and 1.05, show little variation
from the e†ects of the two extreme geometries (sphere and
disk). We therefore speculate that the simple formula M0 B
holds to good accuracy (D5%) for the full(1] H0)a3/Grange of values of from 0 to O that characterizes theH0nonrotating family of isopedically magnetized, singular iso-
thermal toroids.
The appearance of an outwardly propagating shock pre-
ceding the region of infall in the collapse of the singular
isothermal disk constitutes a more subtle modiÐcation due
to magnetic Ðelds. The modiÐcation arises from the aniso-
tropic nature of magnetic tension forces, which produces
4 Neither can the magnetic tension ““ overwhelm ÏÏ self-gravity.
pp. 156È157) asserts a contrasting opinion on thisMouschovias (1976,
point, suggesting that magnetic tension can continue to hold up a Ñattened
envelope after the core has collapsed to form a star (see also Mouschovias
However, although the tension force per unit volume, is1991). PB
z
B
A
/z0,large when the disk has an extreme aspect ratio, the volumez0/-> 1,density o in the gravitational force per unit volume, is correspondinglyof
A
,
high. In an isopedic disk where and integration over theB
z
P & B
A
P f
A
,
vertical thickness gives a tension force per unit area, which scalesB
z
B
A
/2n,
directly as the self-gravity per unit area, (see Thus, in this counter-&f
A
SL).
example, magnetic tension can only dilute, and not overwhelm, self-gravity
if the latter initially balances the former plus magnetic pressure plus gas
pressure plus rotation.
Ñattened density distributions in both the equilibrium and
collapse states. The collapse of a nonmagnetized singular
isothermal sphere is governed purely by the propagation of
rarefaction waves generated by the gravitational pulling of
interior matter away from the rest of the Ñuid in the
envelope Rarefaction e†ects alone would be(Shu 1977).
present also in the collapse of an isopedic isothermal disk,
were it not for the multipole moments of the perturbational
gravitational Ðeld. Because of a weakening of the immediate
inward pull of gravity when matter in a disk falls into the
center, the moments higher than the monopole generate
temporary outward motions that compress the overlying
matter. These compressional waves of Ðnite amplitude
steepen into a (weak) shock when they propagate into a
more-or-less undisturbed medium.
7.2. Implications for the Magnetic Flux Problem
The collapse solution of an isopedic isothermal disk rig-
orously establishes that dynamical collapse with an
undiminished rate of mass infall can proceed even when
magnetic Ðelds are completely frozen in the collapsing
matter and even when the magnetic Ñux has its largest pos-
sible pivotal value (corresponding to a dimensionless ratio
of mass to Ñux j \ 1). Without the intervention of another
agent (e.g., a protostellar wind), the envelope of a molecular
cloud core cannot be statically supported against the
gravity of the interior after the dropping out of the
““ bottom ÏÏ in an outwardly propagating wave of infall.
Another implication is that stars can form, in principle,
without ever having to lose any magnetic Ñux. Flux loss
does take place, however & Spitzer(Mestel 1956 ;
otherwise, forming starsMouschovias 1977 ; Nakano 1983) ;
would end with a very large ““ magnetic Ñux problem.ÏÏ The
likely value of j in pivotal cloud cores achieved by ambipol-
ar di†usion equals 1È3 & Mouschovias(Basu 1994 ; LS),
while the minimum value of j in T Tauri stars is on the
order of 5 ] 103 (if we assume kilogauss Ðelds on their
surfaces). The measured stellar Ðelds Marcy, &(Basri,
Valenti could be dynamo-generated rather than inter-1992)
stellar in origin ; thus, the interstellar magnetic Ñux lost after
the pivotal state has been reached must exceed a factor of a
few thousand. & Umebayashi suggest thatNakano (1980)
this loss occurs when the accretion Ñow acquires a number
density in excess of D1011 cm~3, and the magnetic Ðeld
decouples from the inÑowing matter. & McKeeLi (1996)
argue that a nonideal MHD accretion shock (C-shock) will
form as the magnetic Ðeld trying to escape from this region
runs into the infalling matter. The calculations of the
present paper allow us to estimate the size of the decoupling
region as follows.
If we assume vertical magnetostatic equilibrium, the
volume density at the midplane is given by (see eq. [2.28] of
SL)
o0 \
&
2z0
\ nG&2(1 ] g2)
2a2 , (7.3)
where (see eq. [1.3] of SL)
g B
M(0, t)
2n-2&(-, t)\
M0
2x2a(x) B
A2M0
x3
B1@2
, (7.4)
when we adopt the (magnetically diluted) free-fall approx-
imation, With g2? 1 when x > 1 and2a \ (M0/2x)1@2.
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with & given by becomesequation (2.11), equation (7.3)
o0B
(1 ] H0)2
nGt2
AM02
8x4
B
. (7.5)
For t D 1013 s, midplane densities inM0D 1, H0D 1,excess of g cm~3 will be reached interior too0D 10~13a dimensionless (time-dependent) decouplingx
d
D 0.02,
radius somewhat larger than the centrifugal radius x
C
D
0.01 if b B 0.2 (see eq. [6.2]).
Of the four factors of x that appear in the denominator of
only half a power comes from the increase inequation (7.5),
surface density &P a P x~1@2 at small x ; the other three
and a half powers come from the decrease in the vertical
half-height Of the latter, half a power arises because ofz0.the increase in the diskÏs vertical self-gravity P &.
(Including the z-component of the gravity of the central
star, which we have not done in the formula for wouldz0,only compress the disk more.) The other three powers arise
from the pinching toward the midplane by the vertical dis-
tribution of magnetic pressure (see ° 2.3 of (j2] g2)/SL) :
j2\ 1 ] g2P x~3 at small x. In the approximation that
the Ðeld is frozen to the matter, this magnetic pinch
becomes the dominant e†ect compressing the gas at small
radii, a result anticipated by the early work of Mestel (1966)
and & Strittmattter and elaborated upon byMestel (1967),
GS in their discussion of the formation of pseudo-disks.
Indeed, the dynamical concentration of the gas into a
pseudo-disk much thinner than the corresponding non-
magnetic conÐguration is what enables the self-gravity to
overwhelm the vertically integrated magnetic pressure (but
not the tension) in the Ðrst place (see ° 2.2 of SL).
The strong magnetic pinch toward the midplane suggests
another way in which magnetic Ñux might occur in young
star disks or pseudo-disks. There is a rapid reversal of direc-
tion experienced by across z\ 0, as illustrated inB– Figureby the kinky appearance of the Ðeld lines as they cross the3
equatorial plane (especially near the origin). Field lines suf-
fering such a large distortion and rapid reversal may
become susceptible to interchange instabilities and recon-
nection (see GS). The idealization of the entire collapse
process as occurring in a pseudo-disk geometry possibly
o†ers an analytically tractable way to study this problem in
the future.
7.3. Implications for X-W inds
Concentrating magnetic Ñux of interstellar magnitude
within a circular area of radius few hundred AUx
d
at D a
may have important consequences for the theory of
X-winds in young stellar objects (YSOs) of low mass et(Shu
al. The X-wind will probably sweep clear the Ðelds of1994).
interstellar origin threading circumstellar disks interior to
the decoupling radius (which would otherwise accumulate
to have a spatially uniform strength, & McKeeLi 1996).
The e†ects of protostellar outÑows on unmagnetized disks
(or weakly magnetized because of internal dynamo action in
the surface layers) at scales AU are then probably[102
minimal & Raymond & Shu At(Hartmann 1989 ; Li 1996a).
distances in excess of a few 102 AU, however, the trapped
interstellar Ðelds above and below infalling pseudo-disks
have magnetic pressures comparable to the ram pressures of
X-winds. The enhanced e†ective cross section for inter-
action relative to the unmagnetized case (see ° 5.2 of LS)
will help initially to deÑect equatorially directed wind
stream lines away from the infalling pseudo-disk and
envelope, but eventually, the X-wind should be able to
reverse the inÑow over all 4n steradians.
The physical situation may be quite di†erent for the case
of high-mass YSOs, where the ionizing radiation from the
central stars helps to prevent magnetic decoupling. Recon-
nection and interchange instabilities in the disks and
pseudo-disks of such objects probably prevent the full inter-
stellar Ñux from entering the star. But if even a small frac-
tion of the interstellar value is brought into the deep interior
by disk accretion, the resulting Ðeld conÐguration may be
suitable for driving an X-wind from the boundary layer
between the star and its inner centrifugal disk. (Compare
the superÐcial similarity of the poloidal Ðeld lines in Fig. 3
of et al. with of the present paper.) ThisShu 1995 Fig. 3
speculation would then explain why stars without outer
convection zones, and thereby presumably lacking the
ability to generate strong magnetic Ðelds by internal
dynamo action, can nevertheless drive a powerful magneto-
centrifugal wind.
7.4. Realistic V alues for H0
Although considerable theoretical simpliÐcation occurs
by assuming that molecular cloud cores are magnetically
dominated, so that and the pivotal conÐguration isH0? 1highly Ñattened, the observations suggest otherwise, at least
in the case of the cores that form low-mass stars. The Ðrst
indication that does not have a value ?1 comes fromH0the degree of Ñattening of pivotal toroids, which demon-LS
strate is compatible with the observations of et al.Myers
only if Collapse in a completely disklike(1991) H0D 0.5.geometry is also inconsistent with the many observations of
deeply embedded protostars that indicate few if any unob-
scured lines of sight toward the central star (see the review
of Finally, failure to directly detect easily mea-Lada 1995).
surable magnetic Ðeld components along the line of sight by
the Zeeman e†ect at many positions in the Taurus molecu-
lar cloud argues against the presence of ordered magnetic
Ðelds whose pressure much exceed that of the gas pressure,
turbulent plus thermal et al. In summary,(Crutcher 1993).
all the existing evidence suggests that in regions of low-mass
star formation, has a value of order unity or smaller.H0The last conclusion explains why the theory of gravita-
tional collapse and low-mass star formation based largely
on the collapse properties of the unmagnetized singular iso-
thermal sphere has proved so successful, when astronomers
reserve the freedom to adjust the rate of mass infall M0
relative to its purely thermal value (see the reviews of Lada
and Although magnetic Ðelds1995 ; Myers 1995 ; Shu 1995).
are crucial to understanding the large-scale structure of
molecular clouds and how ambipolar di†usion produces
dense cores in such clouds, they do not play a dominant role
in the subsequent gravitational collapse of such cores,
except for a numerical modiÐcation of Nevertheless,M0 .
unraveling the stories of the resolution of the magnetic Ñux
problem and the evolution of protostellar disks remain
great theoretical and observational challenges. These con-
siderations merit further studies of the collapse properties of
isopedically magnetized, singular isothermal toroids (LS),
where has a value of only order unity, and the gener-H0alization of the solutions to include the e†ects of realistic
levels of rotation. We believe that the reasons for the di†er-
ences between stars with planetary systems and those with
stellar companions could also emerge from such studies.
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